Abstract: With the development of laser and optical fiber, the north finding system (NFS) with fiber optic gyroscopes (FOGs) has become an active trend in inertial technology research. This paper demonstrates the error analysis of dynamic north-finding with a fiber optic gyroscope and a new way for the FOGs noise measurement in the dynamic implementation. Moreover, in order to suppress the north-finding error caused by FOG bias drift, especially for the small azimuth angle, we propose a modified dynamic north-finding scheme by taking advantage of the dynamic method. The experiments verify the validity of the proposed error analysis for the dynamic implementation. Experimental results show that for a FOG with bias instability of 0.005°/hr, the average (Avg) north-finding bias error is less than 0.03°(0.5 mrad) around 2°azimuth angle by the proposed modified scheme. And compared with the conventional dynamic north-finding, this scheme reduces the estimated error (1σ) of azimuth angle and the bias error (Avg) by 22% and 23.8%, respectively, at the small azimuth angle. For a poorer-performance FOG with 0.0262°/hr bias instability, the proposed method is more effective and reduces 32.4% estimated error (1σ) of azimuth angle.
Introduction
By measuring the projection of the Earth's rotation rate along the sensitive axis of a gyroscope, the true north can be sought. Such north-finding method is commonly referred as "gyrocompassing" [1] . Typical gyrocompass requires the accuracy of a single milliradian (mrad) in minutes. To meet these requirements, a gyroscope with angle random walk (ARW) of 0.001°/Ýhr and bias instability of 0.005°/hr is generally needed [2] . The NFS aided by FOGs has been widely applied in the area of inertial technology, since FOGs have high accuracy and reliability [3] , [4] .
In order to get a better performance in north-finding, apart from the use of a FOG with high accuracy, the improvement of the north-finding scheme is a key approach for its easily extended and less costed characteristics [5] . Dynamic north-finding method is a potential alternative choice for its advantages, such as its high accuracy and robustness [6] - [9] . In the dynamic north-finding method, a FOG rotates in a certain trajectory. [6] pointed out the main goal of rotation is to eliminate errors caused by gyroscope bias, and the bias error of the FOGs will be eliminated at the end of each period theoretically if the trajectory is selected as a certain path of the stitching along a baseball, since the error is not accumulated in any directions. However, in the actual dynamic north-finding, the rotation of FOG with a constant rate is conducted through the turntable, and the feasibility of the dynamic method allows its wide application in many NFS [10] . The Earth's rotation rate is modulated by the continuous rotation in the dynamic implementation. Compared with the conventional (static) multi-position method, the dynamic method is robust to bias, scale factor, and temperature drifts due to the continuous wave modulation [1] . Moreover, if the rotation is faster than the bias variation, the azimuth angle seeking is generally independent of drift or bias [2] .
In our previous work [9] , the dynamic north finding method has been compared with the static method through experiments, and the dynamic implementation was found more robust to the external noise. In this paper, the dynamic north-finding method is studied further. We propose the principle of error analysis for the dynamic method and a modified dynamic scheme to improve the north-finding accuracy. Sub-mrad average (Avg) bias error performance is obtained by the modified scheme, and the proposed scheme reduces the estimated error (1σ) and the bias error (Avg) over 20% for a FOG with bias instability of 0.005°/hr, compared with the conventional dynamic implementation. In addition, an air-bearing turntable with higher precision and stability is employed in the dynamic implementation, based on which more accurate data from the FOGs utilized for dynamic north-finding could be obtained.
The rest of this paper is organized as follows. Section 2 gives an error analysis model for the dynamic north-finding. Section 3 reports a new noise analysis method for FOGs in the dynamic implementation. Then, a modified scheme is proposed in Section 4. The experiments in Section 5 show the effects of the new method compared with the conventional dynamic north-finding method. Section 6 concludes this paper.
Error Analysis of the Dynamic North-Finding Method
In the dynamic method, continuous rotation of the turntable with a constant rate r makes the input of the FOG modulated periodically, as a result that the output is a cosine wave with fixed amplitude and frequency. For each 360°turning, finding of the azimuth angle H is calculated by demodulating of the sinusoidal signal with the azimuth information [10] .
In order to find a model to analysis of the dynamic method, we consider the dynamic implementation as a special static multi-position method that the number of the positions trends to infinity. As Fig. 1 shows, with the increasing of the number of positions N , the step angle θ decreases, and we can regard it as a continuous seeking process while the step angle θ approaches to zero. Thus, based on the error analysis of the static method, a mathematical model for the dynamic north-finding is proposed. It would guide the performance analysis in dynamic north-finding.
The general mathematic model of the north finding error can be described by the variance caused by angle random walk (ARW) and rate random walk (RRW) as:
In (1), the gyro noise and bias drift are two main errors of the measurement in FOGs. According to Allan variance analytical method, the white noise with spectral density S 2 is represented by ARW, and RRW is the dominant error of the bias drift, which can be expressed by the integral of white noise with spectral density K 2 . According to [5] , in the static multi-position method, the variance of the north-finding error caused by ARW and RRW is denoted as:
where t s is the measurement time in each single position, t r is the rotation time from one position to the next position, θ is the step angle, and N is the number of positions.
As Fig. 1 shows, in the actual dynamic implementation, the number of positions N is actually a very large number but not infinity, since the sampling frequency is limited. Assuming the sampling frequency as f s , N and θ are directly related to the rotation rate r of the turntable in the dynamic north-finding. They can be represented as
In the continuous rotation, the rotation time from one position to the next position t r in (3) can be understood to reach zero, thus, the measurement time in each single position is t s = 1/f s .
By using the small-angle approximations: sin θ ≈ 2π/N , and cos θ ≈ 1 − 2π 2 /N 2 , then according to Eqs. (2)- (5), the variance of the dynamic north-finding error caused by ARW and RRW can be derived specifically and expressed as
According to Eqs. (1), (6), and (7), the error of the estimated azimuth angleĤ (1σ) by the dynamic method at any azimuth angle H is
Noise Measurement for the FOGs in the Dynamic North-Finding Implementation
For evaluating the characterizations of the FOGs, the Allan variance of the FOGs measured on a stationary platform without the external interference is a conventional way [11] . However, in the dynamic north-finding implementation, an additional noise from the turntable would be coupled to the output of the FOGs, thus the influence of the turntable working in the feedback state on gyrcompassing cannot be ignored [9] . Considering the turntable works in the state of rate control during the dynamic north-finding process, we propose that the noise performance of the FOGs on the working turntable in control of the zero-value rate state are exactly the performances of the process in the dynamic north-finding. Through comparing the static-testing of the FOGs results between the stationary platform case and the air-bearing static turntable case, the differences can be pointed.
As Fig. 2(a) shows, a FOG used in this paper, numbered FOG-1, with 0.00053°/Ýhr ARW and 0.0058°/hr bias instability for 363 seconds of averaging, was calibrated by the conventional static testing on the stationary platform at room temperature. After testing is carried out on the working air-bearing turntable, the noised performance of the FOG-1 output would make a difference, and it is dominated by the ARW of 0.00098°/Ýhr for a relatively short averaging time, and the bias instability reaches a value of 0.0062°/hr for 525 seconds of averaging. It is shown clearly that, due to the influence of the turntable working in the feedback state, the noise of the FOG becomes larger and the averaging time to reach the best stability, which represented by the minimum point on the root Allan variance curve, grows longer.
For another utilized FOG, numbered FOG-2, with an order of magnitude deterioration of accuracy compared to the FOG-1, the changes of the characterizations are similar. As Fig. 2(b) shows, the ARW of the FOG-2 are 0.002°/Ýhr and 0.0041°/Ýhr on the stationary platform and on the working turntable, respectively, and the bias instability accordingly reach 0.0262°/hr for 140-seconds averaging and 0.0469°/hr for 221-seconds averaging.
Modified Dynamic North-Finding Scheme
According to (8) , the accuracy of the dynamic north-finding is mainly determined by the performance of the gyro noise and bias drift in a certain location. In addition, the azimuth angle H we need to seek also affects the north-finding accuracy. In this section, the proposed scheme is to suppress the bias drift in the dynamic north-finding, especially for the small azimuth angle.
The Principle of the Proposed Scheme
By using (7), we conclude that the variance of the dynamic north-finding caused by RRW at the direction of north or south (H = 0
• /180 • ) is 3 times of the one at the direction of east or west (H = 90
• /270 • ). Thus, based on this rule and the feature of rotation in the dynamic north-finding, we propose a scheme called modified dynamic north-finding scheme (MDNFS), and it is specially designed for suppressing bias drift to improve the accuracy in the dynamic implementation.
The basic idea of the MDNFS is to perform a second estimation process at the direction near east or west. This second estimation process can be quickly realized through the calculation of the recorded data, but do not conduct another seeking operation for NFS in reality. Specifically, assuming the azimuth angle is within the range of 0°-90°, as Fig. 3 shows, the MDNFS conducts estimation twice instead of the conventional dynamic north-finding way. Fig. 3 shows the process of the MDNFS, and the process is implemented by the calculating program instantaneously after rotation and data sampling. In the first estimation, the azimuth angle H 1 (H ) can be estimated by using the 360°sampling information from the FOG, and the first estimated result represented asĤ 1 . Then, we reselect the dynamical north-finding circle after an angle slide of H second for the origin of data, that the initial azimuth angle is changed from H to H 2 (around 90°, i.e., east) in the second estimation process. H second and H 2 are given by the following equations:
Through the second estimation,Ĥ 2 is instantaneously obtained since the data collected in the 360°turning has involved enough information needed in the second estimation process by capturing the data from H to H 2 as the complementary data.
Finally, the azimuth angle is revised asĤ
Considering the high reliability of the precise position control of the turntable and according to (11), higher accuracy ofĤ 2 leads to higher accuracy of estimated azimuth angleĤ , compared withĤ 1 .
Since the data of all position has been gathered during the process of rotation, the second estimation to revise the azimuth angle can be realized instantaneously without additional operation, which is regarded as a unique advantage of the dynamic method. Comparing with the conventional dynamic implementation, MDNFS reduces the north-finding error caused by gyro bias drift. The nearer azimuth angle to the north or south, the better performance improvement is obtained. In addition to these benefits, MDNFS also ensures a stable accuracy performance in the different azimuth angle, since it almost always provides the optimum accuracy.
The Principle of Error Analysis
According to (8) , the error of the estimated azimuth angleĤ 1 in the first estimation can be given as
Assuming H 1 is the bias error and expressed as
and
), generally. In the second estimation of the MDNFS, according to Eqs. (9), (10) and (13), H 2 is expressed as
Thus, the error of the estimated azimuth angleĤ 2 in the second estimation can be expressed as
Eq. (15) shows that the error of estimated azimuth angle by the MDNFS is related to the random variable H 1 . We obtain the expectation of the error of estimated azimuth angle by the MDNFS E [σ d (Ĥ 2 )] by the following equation:
where ζ(·) is a function and expressed as
The Results of Theoretical Analysis
Using the performance parameters of the FOG-1 and FOG-2 on the air-bearing turntable, we demonstrate the effectiveness of the north-finding by MDNFS. The error of the estimated azimuth angle (1σ) at 1°/s rate by the conventional dynamic method and by the MDNFS with the two FOGs respectively can be drawn in Fig. 4(a) and 4(b) , and the range of the azimuth angles are both from 0°to 180°.
As Fig. 4(a), (b) shows, from 0°to 180°, the nearer azimuth angle to the east (H = 90 • ), the better accuracy can be obtained, and the same trends, according to symmetry, would be available in the other half (180°to 360°). As a contrast, for north-finding by the MDNFS with a certain FOG, it does not matter what the azimuth angle we need to seek, that the error always approaches to the minimum, which is the best accuracy performance that the conventional dynamic scheme reaches. With the same rotation rate 1°/s, when the azimuth angel near the north ( H = 2
• ) and the north-east (H = 50
• ), Fig. 4(a) shows north-finding by the MDNFS with the FOG-1 can improve the estimated error by 12.1% and 5.6% respectively, and with the azimuth angle approaching to the east, the improvements gradually decrease to zero. The improved percentages, correspondingly, for the FOG-2 are 32.1% and 17.9%, respectively, as Fig. 4(b) shows. Further, comparing the results with the two FOGs, we obtain that the MDNFS is more effective to the FOG-2 at the same condition, since the influence of the bias drift to the FOG-2 output is the larger impact compared with the FOG-1 and the new scheme is designed for suppressing the north-finding error caused by the gyro bias drift. Fig. 4(c) shows the improvement by MDNFS becomes smaller and smaller as the rotation rate increases, since the bias drift of the FOG-1 would gradually reduce with the decreasing seeking time. Meanwhile, it is worth noting that no matter what schemes we use, with the increasing of the rotation rate, the accuracy of dynamic north-finding deteriorates, which the accuracy is related to the rotation rate.
Experiments
The north-finding setup mainly consists of a turntable and a FOG, shown in Fig. 5 . For implementing dynamic north-finding, the FOG is fixed on the turntable vertically and rotated in the local horizontal plane. For the air-bearing turntable in this work, the minimum resolution is 0.00001°, the position precision is 0.0002°, and the speed precision is 0.001%.
To verify the performance of the proposed MDNFS, both FOG-1 and FOG-2 are used by the conventional scheme and the MDNFS for the dynamic north-finding. Fig. 6 shows the estimated error (1σ) of NFS with FOG-1 and FOG-2, as a function of the azimuth angle (around 2°, 10°, 30°, 50°, 70°, 90°, 110°, 130°, 150°, 170°, and 178°). For each azimuth angle, the experiments are carried out repeatedly 20 times.
1) As Fig. 6(a) , (b), and (c) show, for the FOG-1 with 1°/s rotation rate, the proposed MDNFS improves the estimated error (1σ) by approximately 22% at the small azimuth angle. As the rotate rate increases, the improvement by the MDNFS with the FOG-1 decreases, and the improved percentage near the direction of south reduces from 22% at 1°/s to 12.7% at 5°/s. 2) Fig. 6(d) shows the experimental results of NFS with FOG-2 at 1°/s rotation rate. For the FOG-2, MDNFS provides more promotion at the small azimuth angle compared with the FOG-1, and more than 32% improvement is obtained near the direction of north or south, since the FOG-2 has greater influence of bias drift. 3) Comparing Fig. 6(b) and (d) , it shows that the minimum of the estimated error with FOG-1 is around a fifth of the corresponding value with FOG-2. Considering the measurement accuracy of the two FOGs, shown in Fig. 2 , we conclude that the best accuracy that the dynamic scheme reaches is directly determined by the bias instability of the FOG. 4) According to Fig. 6 , the curve trends of the error of the estimated azimuth angle (1σ) with the different FOGs and schemes are in consistent with the analysis performed in Section 4. The bias error of north-finding (the true north accuracy) is also evaluated. As Table 1 shows, by the MDNFS, the NFS at 1°/s rate has an improvement of the average bias error (Avg) by 23.8% at the small azimuth angle. The results were conducted through the comparison of the repeated experiments by the MDNFS and by the conventional dynamic method at the reference azimuth angle H re f = 2.1999°(a small azimuth angle). Thus, through the proposed scheme, the northfinding bias error (Avg) of 0.029°(0.5 mrad) is obtained by the FOG with 0.0058°/hr bias instability in 6 minutes seeking time.
Conclusion
This paper focuses on the performance improvement for the dynamic north-finding method. First, an error model was proposed for analyzing the dynamic north-finding method, through considering the process of the dynamic north-finding as a special static multi-position method. Then, a new noise measurement way especially in the dynamic implementation was discussed, which is more precise to estimate the noise performance of the FOGs in this case. Further, by taking advantage of the dynamic method, which almost gathers the data of every position during the process of rotation, a MDNFS was proposed and demonstrated.
Experimental results show that MDNFS improves the estimated error (1σ) of azimuth angle by approximately 22% and 32.4% for the FOG with 0.0058°/hr and the FOG with 0.0262°/hr bias instability, respectively, near the direction of north or south. Moreover, with the MDNFS, the true north accuracy increases 23.8% for FOG-1, and less than 0.03°(0.5 mrad) bias error (Avg) of north-finding around 2°azimuth angle is obtained.
